TA NOTES

2.In this problem we show how to generalize Theorem3.3.2(Abel’s theorem) to higher order

equations. We first outline the procedure for the third order equation

v+ pit)y + pa(t)y + ps(t)y =0

Let vy, 12, and y3 be solutions of this equation on an interval I.

(a‘) tw= W(yl) Y2, ?JS): show that

e
Wi=luy v U
Y Yo Y3

Hint: The derivative o fa 3-by-3 determinant is the sum of three 3-by-3 determinants obtained
by differentiating the first, second,and third rows, respectively.

(b) Substitute for 4|, v, , andy; from the differential equation; multiply the first row by ps,
multiply the second row by ps, and add these to the last row to obtain

!’

W = —pi(t)W.
(c) Show that
W (y1, Y2, ys) = CeXp[—/pl(t)dt].

It follows that W is either always zero or nowhere zero on I. (d) Generalize this argument to

the nth order equation
v+ iy 4+ () =0
with solutions ¥, ...,y,. That is, establish Abel’s formula,
W om)(®) = coxpl— [ pi(t)d

for this case.

/ Y Ys s br Y2 Ys Y1 Y2 Y3 Yi Y2 Y3
Answer: (a). W=y 05 vy \+1uy Yy by )\ U e Uh =10 b 0
Y1 Yo Y3 Y1 Y2 Y3 Y Y2 Y3 Y Y2 Y3

(b). According the equation, we have

"

v =—(mt)y, +1p2(t)y'1 + p3(t)y)



"

Yy = —(p1(t)ys + 2(t)ys + p3(t)y2)

"

ys = —(p1(t)ys + pa(t)ys + p3(t)ys)

y} y,2 y;
W - 12 yl ! 1" y2 / 12 y3 !
—(p1()yy +p2O)yy +3(t)11) —(01(B)yy + p2(O)ys + p3(O)y2)  —(p1(t)ys + p2(t)ys + ps(t)ys)

the first row x ps + the second row X po + the last row —

R v vs
W - yl " y2 " y3 " - _pl <t>W
—pit)y; —pi(t)y,  —pi(t)ys
-
(¢).By (b), D% — —pi(t) = InW = — [ pi(t)dt + C = W (y1, yo,y3)(t) = cexp [~ [ pi(t)
(d).For the nth order equation
Y1 Y2 T Yn Y1 Y2 T Yn
Y1 Ya T Yn / : : : :
W = : ) . pand W =] " ’ oy |
(1)(1>:<1> wr s D
Y1 Ya o Yn ?J%n) yén) T yén)
Substitute for y7,-- -,y from the differential equation,
" = =y + -+ pa(t)y]
y) = —[pu(B)yn - 4 pa(t)ynl
like (a), row (1) Xpn(t) + - -+ row (n — 1) X pa(t)+ row (n), then
W Y2 T Yn
W = %n'—Q) én'—Q) T(ln‘—z) = —pi ()W
n— n—1 n—1
—pi (Y —pa(t )y§ 1001 A
S0, W(yl; 7yn)< _CeXp fpl EI

9. Use the method of variation of parameters to find solutions of the following ODEs



/

el

b). y" +y =sect, —T <t <

5 5
c). y" —y =csct, y(5) =2, y/(g) =1, y”(g) =1
Answer:
b).

The characteristic equation is

P rr=r(*+1)=0.
We get 1y =0, 13 =1, 713 = —1
The general solutions are

y(t) = ¢1 + cocost + cgsint.

1 cost sint
w(t) = | 0 —sint cost
0 —cost —sint
=1

0 cost sint
wi(t) = | 0 —sint cost
1 —cost —sint

0 0 sint
wa(t) = | 0 0 cost
1 1 —sint
= —cost

1 cost O
ws(t) = | 0 —sint 0
0 —cost 1

= —sgint

Yp = /sec tdt + cost/(— cost) sectdt + sint/(—smt) sec tdt



= In(sect + tant) — tcost + sintIncost

Hence, the general solutions are

y(t) = y(t) = c1 + cacost + cgsintIn (sect 4 tant) — t cost + sint In cos t.

c).

The characteristic equation is

r—r=rr*-1)=0.
Wegetri =0,rp,=1,r3 =—1
The general solutions are

y(t) = c1 + coe’ + cze™".

1 e et
w(t) = [0 e —et
0 et et
= 2
0 e et
wi(t) = |0 e —et
1 et et
— 9
1 0 et
we(t) = |0 0 —et
01 et
= eit
1 e 0
w3(t) = 0 €t 0
0 e 1



1 1
Yp = —/sectdt+ éet/et csctdt + iet/et csctdt
: Lo Lo f s
= —Insint 4 In (cost + 1) + 5¢ [ e esc tdt + 3¢ [ € esc tdt

Hence, the general solutions are
1
y(t) = ¢; + cae’ + cze” —Insint + In (cost + 1) + §et / e 'esctdt + —¢* / e’ csctdt.

N | —

(VB

From y(3) =2, y () =1,y (3)=—-1,weget e =3, 2 =0, c3 =€~

The solution of the problem is
P 1 1
y(t) =3+e ze ' —Insint + In(cost + 1) + §et / e "esctdt + Eet / e’ csctdt.

-

13. Given that z, 2%, and 1/z are solutions of the homogeneous equation corresponding to
o3y + 22y’ — 2xy’ + 2y = 22, x>0

determine a particular solution.

Answer: The original ODE can be written as

1 2 2
y/// + _y// . _Qy/ + —y = 2
x x x

By method of variation of parameters, a particular solution is

3 t
Win(s)
Y(t) = m (€ d
0=3 o) [ stas
Where y; = z,ys = 22, y3 = % By direct computation,
z 22 1 6 0 22 L
W=|12 —% |==- W=|0 2z —% |=-3
02 Z | * 12 2
z 0 2 5 x 22 0
Wo=|10 —% |== Wy=|1 20 0|=2"
01 £ | ¢ 0 2 1
hence



6

Then a particular solution is

-l



